We study a non-semi-stable locus in a Hecke stack, which appears in Fargues' conjecture on a geometrization of the local Langlands correspondence. We find that a generalization of a diamond of a non-basic Rapoport-Zink space at infinite level covers the non-semi-stable locus, and show a twisted version of the Harris-Viehmann conjecture for this generalized space under some HN-reducibility condition. We show also that the cohomology of the nonsemi-stable locus with coefficient coming from a cuspidal Langlands parameter vanishes. As an application, we show the Hecke eigensheaf property in Fargues' conjecture for cuspidal Langlands parameters in the GL 2 -case.
Introduction
Recently, Fargues formulated a conjecture on a geometrization of the local Langlands correspondence motivated by a formulation of the geometric Langlands conjecture in [FGV02] .
Let E be a p-adic number field with residue field F q . Let G be a quasi-split reductive group over E. Then we can define a moduli stack Bun G of G-bundle on the Fargues-Fontaine curve, and a moduli Div 
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where Hecke ≤µ is a moduli stack of modifications of G-bundle on the Fargues-Fontaine curve with some condition determined by a cocharacter µ of G, which is called a Hecke stack. For a discrete Langlands parameter ϕ : W E → L G, Fargues' conjecture predicts the existence of a conjectural "perverse Weil sheaf" F ϕ on Bun G,Fq satisfying some conditions, the most intriguing one of which is the Hecke eigensheaf property
where r µ is a representation of L G determined by µ, and IC µ is a conjectural "perverse sheaf" coming from a conjectural version of the geometric Satake correspondence. The conjecture is stated based on some conjectural objects. However, in the case ϕ is cuspidal and µ is minuscule, we can define every object in the conjecture assuming only the local Langlands correspondence, which is constructed in many cases. * Assume that ϕ is cuspidal and µ is minuscule. Then the support of the Weil sheaf F ϕ is contained in the semi-stable locus Bun This is non-trivial since the inclusion ← − h −1 Bun does not hold. The vanishing of − → h ! ( ← − h * F ϕ ⊗IC µ ) outside the semi-stable locus involves geometry of a non-semi-stable locus of the Hecke stack Hecke ≤µ . The aim of this paper is to give a partial result in this direction. Assume that ϕ is cuspidal, but µ can be general in the following. Let B(G) be the set of σ-conjugacy classes in G(Ȇ), wherȇ E is the completion of the maximal unramified extension of E. Then we have a decomposition Bun G,Fq = 
See Theorem 4.27 for the precise statement. This result is partial, since we are assuming that [b ′ ] is in the image of B(L). On the other hand, the assumption is automatically satisfied if Hecke
is not empty in the case where G = GL 2 and µ(z) = diag(z, 1). As an application, we can show the following:
Theorem. Assume that G = GL 2 and µ(z) = diag(z, 1). Then the Hecke eigensheaf property for a cuspidal Langlands parameter holds.
In the middle of this work, Hansen put a related preprint [Han16a] on his webpage. We learned his result on canonical filtrations, Scholze's forthcoming work on cohomology of diamonds and their consequences from [Han16a] .
In Section 1, we recall a definition of the stack of G-bundle on the Fargues-Fontaine curve, and its structure. In Section 2, we recall a defintion of the Hecke stack. We explain a cohomological fromulation on the Hecke stack by Fargues, which is based on the forthcoming work of Scholze. In Section 3, we construct a Q ℓ -Weil sheaf which satisfies properties (1), (2) and (3) of [Far16, Conjecture 4 .4] and explain the Hecke eigensheaf property in Fargues' conjecture for cuspidal Langlands parameters. We also prove the character sheaf property in this case.
In Section 4, we study a non-semi-stable locus in the Hecke stack. We find that a generalization of a diamond of a non-basic Rapoport-Zink space at infinite level covers the non-semi-stable locus in the Hecke stack. We show that the cohomology of the generalizad space can be written as a parabolic induction of the cohomology of smaller space associated a Levi subgroup under the HN-reducibility condition. In particular, we see that the cohomology does not contain any supercuspidal representation in each degree. As a result, we show that the cohomology of the non-semi-stable locus in the Hecke stack with a coefficient coming from a cuspidal Langlands parameter vanishes.
In Section 5, we see that we can recover Hecke eigensheaf property on some part of the semi-stable locus from non-abelian Lubin-Tate theory in the GL n -case. In Section 6, we show that the Hecke eigensheaf property in the GL 2 -case, using the results in the preceding sections.
Stack of G-bundles
Let p be a prime number. Fix E a finite extension of Q p with residue field F q . We follow the definition of perfectoid algebra in [Fon13,  . Let G a connected reductive group over E. Let Bun G be the fibered category in groupoids whose fiber at S ∈ Perf Fq is the groupoid of G-bundles on X S . Then Bun G is a stack (cf. [Far16, Proposition 2.2]).
LetȆ be the completion of the maximal unramified extension of E. Let σ be the continuous automorphism ofȆ lifting the q-th power Frobenius on the residue field. For b ∈ G( E ur ), we have an associated G-isocrystal
Let B(G) be the set of σ-conjugacy classes in G(Ȇ). Then we have a bijection
Let S ∈ Perf Fq . We have a functor
The composite
induced by the multiplication by g. The isomorphism class of E b,X S depends only on the class of b in B(G). 
which we call the Newton map. We say that b ∈ G(Ȇ) is basic, ifν b factors through the center of GȆ. We say that [b] ∈ B(G) is basic if it consists of basic elements in G(Ȇ). Let B(G) basic denote the basic elements in B(G). We recall that the Kottwitz map induces a bijection
Assume that G is quasi-split in the sequel. We fix subgroups A ⊂ T ⊂ B of G, where A is a maximal split torus, T is a maximal torus and B is a Borel subgroup. We write X * (A) + for the dominant cocharacter of A. Then we have a natural isomorphism
. Let w be the maximal length element in the Weyl group of G with respect to T . Then the map for an S ∈ Perf Fq . Then J b is an absolute group diamond (cf. [Far16, 2.5] The
given by x b is the torsor defined by the functor which sends S ∈ Perf Fq to
where E f is the G-bundle on X S determined by f , and g ∈ J b (S) acts on T b (S) (on the right) by
Then we have Frob Remark 1.1. The J b -torsor T b is isomorphic to Spa(F q ), however it is T b that allows us to define the Weil descent datum.
Hecke stack
We recall the mirror curve following [MFO16, 18.2]. Let Div 1 X be the sheaf associated to the functor which sends S ∈ Perf Fq , to the set of isomorphism classes of degree 1 effective Cartier divisors on X S . Then Div 1 X is an absolute diamond. We call Div 1 X the mirror curve. Further, we have an isomorphism
We write X * (T ) + for the set of dominant cocharacters of T . Let µ ∈ X * (T ) + /Γ. We define a Hecke stack Hecke ≤µ as the fibered category in groupoid whose fiber at Spa(R, R + ) ∈ Perf Fq is the groupoid of quadruples (E , E ′ , D, f ), where
• D is an effective Cartier divisor of degree 1 on X sch R ,
is a modification, which is bounded by µ geometric fiberwisely.
Then we have morphisms
t t t t t t t t t t
In the sequel, a diamond means a diamond on Perf Fq . Let ℓ be a prime number different from p. For a finite-dimensional smooth partially proper morphism f : X → Y of locally spatial diamonds, we assume that there is a well-behaved functor
which satisfies the following properties:
• For any morphism g : Y ′ → Y of locally spatial diamonds and the cartesian diagram
• Assume that Y = Spa C ♭ p . Let M → X be a J(E)-torsor, where J is a reductive algebraic group over E. We put
where K moves compact open subgroups of J(E) and
is defined as in [Han16a, Definition 4.10]. Let π be an irreducible supercuspidal representation of G(E) over Q ℓ . Define the Q ℓ -sheaf F over X as the pushforward of M by π. Then we have a spectral sequence
The functor Rf ! satisfying these properties will be constructed in a forthcoming work of Scholze.
Further, we assume that there are a smooth covering
and a functor
the morphism − → h i is a finite-dimensional smooth partially proper morphism of locally spatial diamonds and we have a natural isomorphism
The functor h ! satisfying this property will be constructed in a forthcoming work of Fargues.
Fargues' conjecture
We recall the Hecke eigensheaf property in Fargues' conjecture in the case where the Langlands parameter is cuspidal and µ is minuscule. See [Far16, Conjecture 4.4] for the general case.
Let ϕ : W E → L G be a cuspidal Langlands parameter. We fix a Whittacker datum. For • The support of F ϕ is contained in Bun
Let ρ be the constant Q ℓ -sheaf with action of S ϕ on Bun 
where we view α as an element of
The isomorphism class of the right hand side of (3.1) as Q ℓ -Weil sheaves does not depend on the choice of b, since the same is true for (T b , w b ).
Then properties (1), (2) and (3) of [Far16, Conjecture 4.4] are immediate. We check that F ϕ satisfies the character sheaf property in [Far16, Conjecture 4.4 (5)]. This is almost tautological by the construction of F ϕ . Let δ ∈ G(E) be an elliptic element. Then δ ∈ G(Ȇ) is a basic element, and the morphism
is defined over F q (cf. [Far16, 5] ). In this case, the morphism t δ −1 : E δ → E δ in (1.1) is equal to δ −1 ∈ J δ (E). Hence, the morphism w δ in (1.3) is induced from δ −1 . However (1.2) tell us that this is precisely the action of δ −1 on T δ . Therefore, the Frobenius action onx * δ F ϕ is given by δ −1 ∈ J δ (E), which means that F ϕ satisfies the character sheaf property.
Assume that µ is minuscule in this section. We put
according to [Far16, Conjecture 3.21 (3)], where ρ is the half sum of the positive roots of T . Take a representative µ ′ ∈ X * (T ) + of µ. Let Γ ′ be the stabilizer of µ ′ in Γ. We put
where r µ ′ is the highest weight µ ′ irreducible representation of G ⋊ Γ ′ . Now we can state the Hecke eigensheaf property in Fargues' conjecture:
Conjecture 3.1. We have
In particular, the conjecture implies
4 Non-semi-stable locus
We have a natural morphism
be the composite. We consider the cartesian diagram (i.e. every sub-square is cartesian)
By the construction, for a perfectoid affinoid F q -algebra (R, R + ), the groupoid Hecke
• E and E ′ are G-bundles on X sch R which are isomorphic to E b and E b ′ fiberwisely over Spa(R, R + ).
where the sub-squares are cartesian.
By For a finite dimensional algebraic representation V of G and a rational number α, we put 
We take a cocharacter λ ∈ X * (A) so that P is associated to λ in the sense of [Spr98, 13.4.1]. Then we have a filtration Fil λ on ω associated to λ.
We assume that We define a closed subspace C ≤µ b,b ′ of Gr ≤µ b,b ′ as a functor that sends a perfectoid affinoid F q -algebra (R, R + ) to the isomorphism classes of (E , E ′ , D, f, φ ′ ), where 
For µ ∈ X * (T ), we put
where Γ µ is a stabilizer of µ in Γ, and let µ ♮ denote the image of µ in π 1 (G) Γ .
is a twisted analogue of the set B(G, µ), the latter due to Kottwitz. We refer the reader to [Kot97, §6.2] for this definition.
To state our main results we need the notion of HN-reducibility. 
Lemma 4.6. Let R be a DVR with the maximal ideal m, and M be an R-module such that M ≃ 1≤i≤n R/m k i , where k 1 ≥ · · · ≥ k n is a sequence of non-negative integers. Let N be a quotient of M generated by j elements, where j ≤ n. Then we have l(N ) ≤ k 1 + · · · + k j . Further, if the equality holds, then N is a direct summand of M .
Proof. This follows from [Han16a, Lemma 3.2] by taking the Pontryagin dual.
Proposition 4.7. Assume that G = GL n . Let (k 1 ≥ · · · ≥ k n ) be the sequence of integers corresponding to µ ∈ X * (T ) + . Let (R, R + ) be a perfectoid F q -algebra. Let
be a modification of between G-bundles E and E ′ over X sch R along an effective Cartier divisor of degree 1 which is equal to µ geometric fiberwisely. We view E and E ′ as vector bundles of rank n. Let E + be a saturated sub-vector bundle of E such that
for every point x of Spa(R, R + ).
Assume that E ′ is semi-stable of slope s geometric fiberwisely. Let j :
Then E ′+ is a semi-stable vector bundle of slope s such that rk(E ′+ ) = rk(E + ).
Proof. We follow arguments in the proof of [Han16a, Theorem 3.1]. Take a modification f 1 : O| X sch
and (k 1 + N, . . . , k n + N ) respectively, we may assume that f extends to an injective morphism f : E → E ′ , which induces a morphism f + : E + → E ′+ . We put E − = E /E + and E ′− = E ′ /E ′+ . Let f − : E − → E ′− be the morphism induced by f . First, we treat the case where R is a perfectoid field. In this case, E ′+ and E ′− are vector bundles such that rk(E ′+ ) = rk(E + ) and rk(E ′− ) = rk(E − ). Let Q + and Q − be the cokernel of h + and h − respectively. Then we have
by Lemma 4.6, since Q − is generated by rk(E − )-elements. Hence we have
By this and (4.1), we have
On Assume that b ′ is basic. Let U be the unipotent radical of P . Note that we have a surjection
where the second isomorphism is given by L ֒→ P → P/U .
Lemma 4.9. Let (R, R + ) be a perfectoid F q -algebra. Let E P a P -bundle on X sch R such that
Proof. We follow arguments in the proof of [Far15, Proposition 5.16]. Let P act on U by the conjugation. We put U = E P × P U.
Then H 1 et (X sch R , U ) parametrizes the fiber of
over the image of E P . Hence, it suffices to show that H 1 et (X sch R , U ) is trivial after a pro-etale extension of (R, R + ). This follows from Lemma 4.8, since U has a filtration whose graded subquotients are semi-stable vector bundles of slope zero.
Lemma 4.10. Let µ 1 , µ 2 ∈ X * (T ) + such that µ 1 ≤ µ 2 . Let X be a scheme over E. Let FilVect X be the category of filtered vector bundles on X. We consider the functor
Let Fil λ Bun G X be the category of functors ω : Rep G → FilVect X which are isomorphic to ω λ fpqc locally on X. Let Bun P X be the category of P -bundles on X.
Lemma 4.11. There is an equivalence of categories
where Isom ⊗ X (ω λ , ω) is a functor from the category of schemes over X to the category of sets which sends X ′ to the set of isomorphisms ω λ | X ′ → ω| X ′ as filtered tensor functors. 
Then, after taking a pro-etale extension of (R, R + ), there is a reduction
Proof. By taking a pro-etale extension of (R, R + ), we can take an isomorphism E b ≃ E . We put E P = E b 0 × L P . Then E P and the isomorphism
give a reduction of E to P . We put φ P = id E b 0 × L P . Then φ P is a reduction of φ to P . For any irreducible V ∈ Rep G , the vector bundle E ′ (V ) is semi-stable geometric fiberwisely. By Proposition 4.7, we have a functorial construction of a filtration of E ′ (V ) that is compatible under f (V ) with the filtration of E (V ) coming from E P by Lemma 4.11. Since the category Rep G is semi-simple, the construction extends to all V ∈ Rep G in a functorial way. Hence, by Lemma 4.11, we have a reduction
of f to P for some P -bundle E ′ P . By Lemma 4.9, E ′ P is isomorphic to E b ′ 0 × L P after taking a pro-etale extension of (R, R + ).
Proof. The first claim follows from the definitions of P b ′ and Gr 
Corollary 4.14. The action of
Proof. This follows from Proposition 4.13.
We define a subsheaf
We use a notation that gr
for any integer i. Let ρ U be the half-sum of the positive roots of T occuring in the adjoint action of T on Lie(U ). We put N U,b = 2ρ U , ν b .
Lemma 4.15. The functor J U b is a partially proper smooth diamond of pure dimension N U,b over Spa(Ȇ) ⋄ and is contractible.
Proof. For i ≥ 0, we define an algebraic subgroup U i of P by
for any E-algebra R, where V R = V ⊗ E R. Then U 0 = U , and U i are normal in P for all i. Similarly, we define a subsheaf
By the internal definition of a G-torsor on the Fargues-Fontaine curve, we see that
Let L act on U i by the conjugation. Let Lie G be the adjoint representation of G. Then the action of L on Lie G induces an action of L on Lie U i /U i+1 . We have an isomorphism
as representation of L. As a result we have an isomorphsim
is equal to the sections of
Then D acts on gr i λ Lie G via ν b and the conjugation. This action gives a slope decomposition
where α i j ∈ Q. Then we have an isomorphism We show that J U b,i is partially proper smooth contractible diamond by a decreasing induction on i. The claim is trivial for enough large i, since J U b,i is one point for such i. We see that U i,Ȇ is isomorphic to U i+1,Ȇ × (U i,Ȇ /U i+1,Ȇ ) as schemes over U i,Ȇ /U i+1,Ȇ with actions of ϕ by [SGA3-3, XXVI Proposition 2.1] and its proof. Hence,
is partially proper smooth morphsm with contractible geometric fiber, since J U b,i+1 is a partially proper smooth contractible diamond by our induction hypothesis. Then we see that J U b,i is a partially proper smooth contractible diamond by [Han16a, Lemma 4.6], since we know that J U b,i / J U b,i+1 is a partially proper smooth contractible diamond. The claim on the dimension follows from the above arguments. Let X * (T ) L+ be the set of L-dominant cocharacters in X * (T ). We put
We claim the set I b 0 ,b ′ 0 ,µ,L consists of a single element. To prove this we begin with a preliminary lemma.
Lemma 4.17. Given two cocharacters µ, µ ′ ∈ X * (T ) which are G-conjugate, then there exists an element w of the absolute Weyl group of T in G such that w · µ = µ ′ .
Proof. Let L µ be the centralizer of the cocharacter G m µ − → T → G and define similarly L µ ′ . Then, since µ ′ = gµg −1 for some g ∈ G(E), it follows that L µ ′ = gL µ g −1 . Since gT g −1 ⊆ L µ ′ is a maximal torus, there exists l ∈ L µ ′ such that gT g −1 = lT l −1 . This means that l −1 g normalizes T and gives an element w in the absolute Weyl group of T in G. Then we have w · µ = µ ′ . 
,µ,L be another element. Let ∆(G, T ) be the set of simple roots of G with respect to T , where the positivity of roots is given by B. Since µ is G-dominant, µ ′ is G-conjugate to µ and µ = µ ′ , we have that µ ′ is not G-dominant and 
Substituting (4.4) to (4.5), we have 
where m α ∈ Q. Then the equation
implies m α 0 > 0, since n α 0 > 0 and n α ≥ 0 for all α ∈ ∆(G, T ). Thus when passing to π 1 (L) Γ the term α ∨ 0 is not killed according to (4.6) and so µ ♮ = µ ′ ♮ as claimed. This implies
since µ ♮ and µ ′ ♮ are images of µ ♮ and µ ′♮ under the map
where g ∈ π 1 (L) and Γ g is the stabilizer of g in Γ. This contradicts that [
Definition 4.19. Let R be a DVR with uniformizer π, and quotient field F . Let k 1 ≥ · · · ≥ k n be a sequence of integers. We say that the type of g ∈ GL n (F ) is (k 1 , . . . , k n ) if we have
Lemma 4.20. Let R be a DVR with uniformizer π, and quotient field F . We consider the subgroups
, and g L be the image of g in the Levi quotient. We regard g L as an element of L(F ). We put
Let k 1 ≥ · · · ≥ k n be a sequence of integers. Assume that the type of
Proof. By multiplying a power of π to g, we may assume that k n ≥ 0. By the assumption, we see that the type of
is (k N l +1 , . . . , k N l+1 ) for 0 ≤ l ≤ m − 1 using Lemma 4.6. Hence, we may assume that g L = diag(π k 1 , . . . , π kn ). Let v be a normalized valuation of F . Then, it suffices to show that v(g ij ) ≥ k i for all 1 ≤ j < i ≤ n. Assume it does not hold, and take the biggest i 0 such that there is j 0 < i 0 satisfying v(g i 0 j 0 ) < k i 0 . Then the type of
is (k i 0 +1 , . . . , k n ). Using this and Lemma 4.6, we can show that the type of
is (k 1 , . . . , k i 0 ). This implies that v(g ij ) ≥ k i 0 for all 1 ≤ i, j ≤ i 0 . This contradicts the choice of i 0 .
In the sequel, we simply write (D, f ) for
is represented by a datum of the above form, since we have an isomorphism of data
We define a morphism Φ :
for a perfectoid F q -algebra (R, R + ).
Proposition 4.21. The morphism
Proof. Let (R, R + ) be a perfectoid F q -algebra, and
Hence, we have the injectivity of Φ.
By the definition of P µ b,b ′ , we have a reduction
For this, it suffices to show (4.7) after taking realizations for all V ∈ Rep G . Hence, we may assume that G = GL n . We view GL n -bundles as vector bundles. We take the diagonal torus and the upper half Borel subgroup as T and B. Then we have
We write
. Then we have a decomposition
as vector bundles. We put Theorem 4.23. We have an isomorphism
Proof. This follows from Corollary 4.14 and Lemma 4.22.
Lemma 4.24. Let (R, R + ) be a perfectoid F q -algebra. Let
For any g ∈ U b ′ (E)(R, R + ), there exists h ∈ J U b (R, R + ) such that g • f ′ = f ′ • h, where we put
5 Non-abelian Lubin-Tate theory
Assume that G = GL n and µ(z) = diag(z, 1, . . . , 1). In this case, S ϕ is trivial. We simply write π ϕ,b for π ϕ,b,1 for any [b] ∈ B(GL n ) basic . Let ̟ be a uniformizer of E. We put 
Suppose that N = mn+1 for some m ∈ Z. The following lemma provides an explicit description of the stack Hecke ≤µ b . Lemma 5.2. Let Spa(F, F + ) be a geometric point in Perf F q . Let E be a vector bundle of rank n on X sch F having a degree one modification fiberwise by
where F is a torsion coherent sheaf of length 1. Then E is isomorphic to O(−m) n .
Proof. This follows from [FF14, Theorem 2.94] by dualizing the modification and twisting by O(−m).
We put b ′ = b nm 1 . Then, we have isomorphisms 6 Hecke eigensheaf property Assume that G = GL 2 and µ(z) = diag(z, 1) in this section.
Lemma 6.1. Let Spa(F, F + ) be a geometric point in Perf Fq . Let
be an exact sequence of coherent sheaf over X sch F , where E and E ′ are vector bundles of rank 2 and F is a torsion coherent sheaf of length 1. Assume that E is not semi-stable and E ′ is semi-stable. Then E ≃ O(m) ⊕ O(m − 1) and E ′ ≃ O(m) ⊕ O(m) for some integer m.
Proof. The vector bundle E ′ is isomorphic to O(m + Theorem 6.3. Then we have
Proof. By Proposition 6.2, it suffices to show the equality on Bun ss G,Fq × Div 1 X . The equality on the semi-stable locus follows from Proposition 5.1, since we have N ≡ 0, 1 mod 2 for any integer N .
